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g = KLNjpo1 [dy (ax + ) + be (1 + nle)]
dy = v (&) + v Bea) + v () + v (yre-0) + v () + v (3e) + p72
ey =V (yk) + v (yk—l) (k = 11 2| . -)

Estimating d; and e; by means of inequalities (4.4) we obtain

apay < Po® (uetay + b + ¢, b <8, o < RgK
g = Pt {ust (g + o) + bl, Py = KL (2B, +4Bs + 1) X

max (¥, Ny)
Coneider the sequence of numbers g, = W@ 2g + b+ ue, (k=1,2,...). For u>M=
max [M,, (6P,)*1-3)] we have pra << pi/2 (k=1,2, ...). Using this estimate we can prove that

the sequences & (), y; (£), and 2 t) converge unlformly on the set {(t, u): 0 <t <Ly, p > M}
to some continuous functions E, (t, p), y, (f, 4} and sz, ({, p) satisfying the inequalities

obtained from (4.4) by the change &y —E,, ¥y — U, 2k — 24. Passing to the limit in (4.2) as

k—» ) we find that §, (¢, u), u, (¢, B), and 2y (2, p.) are the solutions of the system of
el Mo (A 1Y Mha Finedian € {4 . ninialye A £F antiahl an + the functiocn

integral Egs.{4.1). The function §, (s, ) is Vu..u..uuu;q differentiable in ¢, function

Ye (& W) is twice continuously differentiable in £, and y*'(
The uniqueness of the solution obtained can be proved in a
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L.D. AKULENKO
The problem of the approximate reduction of quasilinear oscillating
system with slowly varying parameters to a linear system that is

equivalent in the asymptotic sense 1is investigated /1-3/. Two
approaches are proposed based on intermediate "amplitude-phase"
variables and osculating variables of the Van der Pol type. An

equivalent linear system is also constructed with a prescribed degree of
accuracy with respect to a small parameter. As an example a quasilinear
oscillator /1-3/ is considered.

The approach developed is based on well-known methods of equivalent
linearlization /2-6/ and is interesting from the point of view of
applications, since linear equations can be investigated by standard
methods. BAn adequate form of the equations is particularly important in
the analysis and synthesis automatic controls systems having the
required quality of transients /5-8/.
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1. Statement of the problem of the equivalent linearization of perturbed systems of the
gyroscopic type. We consider a quasilinear oscillating system often encountered in mechanics,
described by the Cauchy problem of the form /7/

r=v({t)y+ef(t,z,y), z(0)=2z" (1.1)
y=—v(z+eglt,z,y), yO) =y
O<v, <v(r) vy oo, T=cet+ 75 =10, g, g1
t= 10, T ()], T (e) =@, O = const; T-— 1, <10, O]

Here x, y are the phase variables belonging to the domain of definition and smoothness
of the functions f, g and dots denote derivatives with respect to time t. The function v (3)
has the meaning and dimensions of frequency; in the general case it, and also the functions
f, g, may depend on the slowly varying time <;e is a small numerical parameter character-
izing the small size of the perturbing actions gf, gg¢ and the rate of the change of the
parameters (v" =g). The constant quantities z° 3° 1, are the initial values of the vari-
ables g, y, v and are assumed to be given and to belong to the domain of definition of system
{1.1); © 1is an arbitrarily large but fixed number. In this way the motion is investigated
in an asymptotically long (as g—0) but bounded time interval (see below).

Equations of the form (l.1) are often encountered in problems of the dynamics and control
of the rotation of a solid /2, 3, 7/. For example, X, y can be projections of the vector of
the kinetic momentum or angular velocity on the equatorial plane and@ v can be the angular
velocity of precession; the dependence of v on 1 1is usually called a smooth change of the
axial component of these vectors. The perturbing moments ef and &g may be due to
small external and internal actions of different physical kinds.

The problem is posed of the equivalent linearization of quasilinear oscillating system
(1.1), i.e., a change of variables z = z(z, ¥, 7, &), ¥ =y (21, ¥;, T, &) such that the Cauchy
problem for ux;, y, has the form

' =p )+ ¢ (1,8 p, 2 (0) = z,° (&) (1.2}
Yy = ¢ (T, e)x + p' (v, &) vy, 4 (0) = y,° (e)

For & = 0 the homogeneous system (1.2) should degenerate into a system of a simpler
form E = wgn, 1’ = ~—v,E, where wvy, = v (1) =const and E(0)=2° n(0) =% the initial system
{1.1) degenerates into such a system. In addition we require that the variables z,, y; and
z, y, are close in the asymptotic sense: |z — x|+ |¥y—¥y | =0() for te 10, T (e)). The
coefficients p~¥{(z,¢), ¢~¥(1,¢) and gz°(e), y,°(¢) are unknown and are to be determined.

To solve the problem on a physical level of rigour the methods of optimum (in the sense
of the minimum mean square deviation) energy and harmonic linearization were used, see for
example /1-6, 8/ (for the principles of "energy" and "harmonic" balances see f2/). 2an
effective mathematical tool for constructing the equivalent linear system (1.2) of definite
structure {see below) is the Krylov-Bogolyubov-Mitropol'ski averaging method /1-3/ which we
use in this paper. Using asymptotic methods of non-linear mechanics one can obtain a strict
mathematical foundation, i.e., one can formulate the requirements for system (1.1) and give
an estimate of the error. This approach involves changes of variables, a reduction of the
system to a standard form and averaging of the equations /1-3, 7, 9/. After solving them
the reverse passage is performed which allows us to obtain the equations of motion in the
initial form {1.2).

Before we proceed to construct the linear system (1.2) equivalent to the initial non-
linear system (1.1) we make the following remark. A standard oscillating system of the
"quasilinear oscillator" type with slowly varying parameters, which is frequently encountered
in applications,

2+ vz =¢ek(r,2,2° zx(0)=2", =z (0)=2z° (1.3)

can be reduced to the particular form of system (1.1) by making the change z' = vy {the
function ~ (1) should be differentiable)
' =wvy, z(0)=2° y(0) =y =z (1.4)
Yy =—vr—evviy+evih(r,z,v )y
f,z,y)=0 g z,y)=—vvig+vh v=ryv)

And conversely, under smoothness conditions on system (1.1), by standard methods of the
theory of ordinary differential equations, system (1.1) can be reduced to the form (1.3). In
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particular, if we differentiate the first equation of (1.1) with respect to t, solve the
initial system with respect to the unknown y ,° (for example using the Picard method of
successive approximations or the method of tangents) and substitute the expression obtained

into the differentiated equation, we obtain an equation of the form (1.3) with respect to &
with the function # equal to

h=h(t,z,z,8)=v )y*+v () gk, x,y*)+ e f*+
IS A
y=y*(t,z,2,8), ¥y =y*(,a,2,8) =
—v (t)z + eg (v, x, y* (3, 2, 2, €)
z(0) =2 2 (0)=2" = (1)) ¥ + &f (v, 2", ")

The variable y = y* can be defined from the first equation of (1.1) independently of
y', and ¥ can be found explicitly from the second.

In what follows we will consider an oscillating system of the form (1.1).
2. Reduction to linear form in the first approxzimation with respect to a small parameter.

We will perform this procedure in two ways: 1) using the "amplitude-phase" variables
r,, and 2) using the oscillating variables a, b of the Van der Pol type.

1) We make the necessary change of the initial variables Z, Y to new ones r, V) by means
of the relations

(2, ) > (r$): z =rcosy, y = —rsiny (r==0) (2.1)

As usual /2, 9/, differentiating expressions (2.1), by virtue of system (1.1) we obtain

equations (the Cauchy problem) for the slow variable, the amplitude r, and the fast variable,
the phase 1, of "standard form with rotating phase"

r=eRT,nrY), r0)=r=(0"+ >0
VY =v(t)+e¥ (r,r,9), $(0) =y
(cos ¥ = z°/r°, siny° = —y°/r°)
R(t,r,¢)=f(tr,z,y) cosp — g (v, z, y) sinP
Y(t,r, )= —rtf(r, 2, y)siny + g (1, z, y) cosP]

2.2)

We understand here that the variables &, y in the functions f, g are replaced in

accordance with (2.1). Next, system (2.2) is placed in correspondence with the averaged
system of the first approximation (averaged over ¢) /1-3, 9, 10/:

pr==eRo(1,p), p(O)=1" (Ry(rv,r) =< (1,7, P))v). (2.3)
¢ =v@)+e¥(r,p) 9O =¥ (¥ (=¥

The angle brackets denote averaging over the phase .
In the system (2.3) obtained the slow variable p 1is separated from the averaged phase

¢@. After integrating the first equation for the amplitude p, in analytically or numerically,
which can be done with respect to the slow time < (p’ = dp/dt = Ry (z, p), p (1o) = r°), the phase
¢ can be found by quadrature. Thus, assuming that we know the solution for p, we have

p=p*(,70,7), @=10%, 1T, ¥, e)=¢"+0+ @

(2.4)
1 ; ¢
8=— 3 v(o)do, @,= S ¥, (0, p* (0, Ty r°)) do
T T
When the Lipschitz condition or the condition of differentiability of the functions R,
¥ with respect to r, VP, are satisfied i.e., of the functions f, g, in z, y, respectively,
between the solution
r= r* (tv 1:01 rn’ 'q’ov 8)7 ‘l’ = '4’* (t1 TO’ r°7 ¢°7 l:5) (2'5)
of systems (2.2) and the solution (2.4) of system (2.3), we have e-proximity in the asymp-
totically long time interval considered (see (1.1))
fr* —p* |+ 9* — @* | Cee, t=1[0,6e7], ¢ = const (2.8)

From (2.6) and (2.1) it follows that the property of e-proximity also occurs for
unknown initial variables x, y and known approximate variables z,, y,
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fa¥ — o [ [ y* — | <(Ce, 110,06, € = const
z =¥ =r¥cosP¥, y = y* = —r*siny*

x o= o * = p% cos ¢¥, ¥ = y,* = —p* sin ¢*

We note some analytic properties of system (2.3) with respect to the variable p for
sufficiently small p > 0. Since, by hypothesis, the functions f, g satisfy the Lipschitz
condition or are differentiable with respect to &, y in the neighbourhood of (0, 0): 2? - y* < d2,
their Fourier coefficients in the variable 1 (after substituting for x, y the expressions
{2.1)) satisfy the estimates

[ o, N I<D, [ I<Dk="fz¢g 2.0
D =const, T —1,=10,8], 0Lrd,n=14,2, ...

For the averaged functions R, ¥, we have analogous estimates

[ Ry (t,p) | < Dp, Ry(r,p) =", 1f,°(v,p) — &" (v, p)] 2.8)
l qfﬂ (T1 p) l < Dv ‘FO (Tr p) = "'1/29-1 [fls (’t’, P) + glc (Ts 9)]

which allow us to assert that system (2.3) satisfies existence and uniqueness conditions of
solution (2.4).

We will now introduce new variables u, ¥ connected with the variables p, ¢ by the
relations analogous to (2.1)

u=pecesq, v=-—psing (pz>0) (2.9}

Differentiating expressions (2.9) with respect to ¢ using Egs.{2.3) and eliminating the
functions c¢os @, sin @ according to {2.9) we obtain non-linear equations for u, ¥ of the
definite structure

we=cpu+(v+egv, u{l)=2° v =—{(v-tegu+ (2.10)
epy, v{0) =y°
p=(+ ) p=pt,p=pR(v,p), ¢=¢q@ 0=
¥, (v, p)

{here and henceforth v = v (1)).

We substitute the known expression for p = p* (r,7,1°) (2.4) into the expressions for
the coefficients p, ¢ in (2.10). We obtain the desired linear homogeneous system with slowly
varying parameters also of definite structure, characterized by two coefficients gp* and
v -+ eg*:

u = eptu + v+ eg*) vy, oy (0) =2° (2.11)
v = —(v + eg*) uy +oeptyy, 1 (0) = §°
p* = p* (1, 7, 7°) = B, (1, p*)/p*, g* = ¢* (1, 7o, 7°) =
Y, (1, p%), o* = p* (1, 70, )

It can be established that the solution wu = u* ==p* cos ¢¥, v = p* = —p* sin ¢* of
Cauchy problem (2.10) is identical with the solution u; = u,*, v, = v,* of problem (2.11).

Indeed, we pass in system (2.11) to the "amplitude-phase™ variables p;,, ¢ by formulae
(2.9) and we obtain the equations p;" = ep*p, ¢;' =v -+ 2g* and the conditions p; (0) = r°, g (0) = ¥°.
Since p* = eR, (1,p*), taking into account the expression for p* in (2.11) we obtain the
relation dp,/p, = dp*/p* from which it follows that

T

P1 = pr¥=rexp D‘ ¥ (0,7, 7% do:I = 0% {1, T3 7°) {2.12}

Te

and alsc ¢ =g*=¢* (see (2.4)).

Note that the (2x2) matrix of the linear system is a linear combination of the unit
matrizx I and a simplectic matrix J, i.e., the sum &p*I - {v + e¢*} /. The coefficient ep*
defines a small dissipation (a slow change of the averaged amplitude p of the oscillations),
and the coefficient (v - e¢*) defines the frequency (the rate of change of the averaged phase
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¢@). Characteristic exponents corresponding to the "frozen coefficients" (fixed T) are:
M. a (7, 8) = &p* (v, Ty, I°) = i [v + eq* (1, Tg, )] (2.13)

Next, the linear Cauchy problem (2.11) also describes the initial problem {1.1) with
error O (e) in the asymptotically long time interval considered te [0,©:!] in the case
when the initial conditions are given with error O (e): u, (0) = 2° + O (e), v (0) = y°* +0 (g) /9/.

We note that the approach presented above is not always convenient from the computational
point of view since the expression for ¥ and V¥, have singularities if the variables r and
p change conssiderably and can take small values (r,p~e¢). To construct the equivalent linear
system in that case, a preliminary change to osculating variables a, b of the Van der Pol
type is preferable /2, 4, 7, 9/.

2) We will now change from the variables (z, y) to the variables (¢, ) by a non-
singular change, i.e. a linear transformation of "rotation",

(z, y) e (a,b): x=acos® + bsinb, y=-—asinB 4+ bcosH (2.14)

The variable 6 is defined in (2.4). We note that, as a result of relations (2.1), (2.14)
between the variables r,¢y and a, b, we have the connection

a=rcos (Y —0), b= —rsin(p—0); r*=aqa®-L b? (2.15)
cosy = cos (B — 8), siny = sin (0 — §)
cosd =arl, sin§=br' (=0 -—8, mod 2n)

A routine procedure leads to the Cauchy problem for the osculating variables a, b:

a =¢eA(t,a,b,0), A=7fcos® —gsin®, a(0) =a® = z° (2.16)
b =eB(t,a,b,0), B=fsind+ gcosh, b(0) =05 =y°

Here expressions (2.14) for %, y are represented in the functions f, g; 0 is a known
function of ¢, 1y, & (or =, T, &) playing the role of rotating phase. The standard system
(2.16) (by a change of argument it can be reduced to a standard system in the sense of
Bogolyubov /1-3, 9/, see below) corresponds to the system of the first approximation averaged
over 0

YV =0Co (1) =¢% Cy=0Co(x,a, p)= (2.47)
K€, 08,00 [C|<D(lal+]|pl)
=B ¢c=ab C=A4,B; ’'=dldr)

AD = 172 [flc (Tv o, ﬁ) - gls (171 @, ﬁ)]v
By =" (v, a, f) + &' (v, @, B)]

Here fi'°, gi'° are the first Fourier coefficients of the functions f and g, 2n-periodic
in 6 (after replacing x and y according to (2.14)), see (2.8) and (2.9); for example, £ =
2 {f cos B)g; we define f,° and gr° analogously. Unlike system (2.3), Egs.(2.17) for a, B
turn out to be connected. However, in accordance with relations (2.15) they can be reduced
to the form of one equation for p, which has to be integrated, and the quadrature for the
other variable, for example, § (see (2.4)).

Next, the solution of the averaged Cauchy problem (2.17) can be obtained in slow time
T, T — 7 &[0,8], in a relatively short range of change of the argument by analytic or
numerical methods. We shall assume that it is known

o= a* (1, 7, &, b°), p=p* (1, 14 a5 &) (2.18)
From the variables a, p described by system (2.17) we change to the variables u, v by

formulae analogous to (2.14) and after differentiating u, v, by virtue of system (2.17) we
eliminate the expression cosf and sin8. We obtain a non-linear system analogous to (2.10),

u =epu—+(v+eqv, u( =a =2° (2.19)
V= —W+egu—+epy, v(0) ==y
4o + BB, Bdo —aB,y

P=P(Tv°‘vﬁ):a—a+ﬁz—’ q=‘1(‘”a°‘vﬁ)=w
(u=acos®+4+Psin®, v=—asinb + pcosb)

Here the variables «, p should be expressed in terms of ¥, v and 0 in accordance with
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{2.19) by reverse rotation: o =ucos® —vsin®, § =usin8 -+ rcusB. We note that, on the
basis of estimates (2.17) for 4,, B, the coefficients p, ¢, in (2.19) are bounded as o« +
B2—0 (u? 4 v?—>0).

We now replace the slow variables a, B in (2.19) by the known expressions o*, f*(2.18).
We obtain an equivalent linear homogeneous system of the form (2.11) where the coefficients

P* = p(t, a%, B¥), ¢* =q(r, ak, B*) (2.20)

are known functions of the slow time T and the parameters of the problem. The structures
of the linear systems of Egs.(2.11) with coefficients (2.11) and (2.20) respectively, are
identical, i.e., their matrices are linear combinations of unit and simplectic matrices with
coefficients ep* and v 4 eg*. This property leads to the same "frozen" characteristic
exponents (2.13).

Hence, we have again obtained a linear system of the form (2.11), eguivalent to the
initial one (1.1), with slowly varying coefficients (2.20). As we remarked above, we under-
stand equivalence in the sense of e-proximity of the solutions of these systems in an asymp-
totically long time interval ¢« [0, ©¢!] under the condition of e=-proximity of the initial
conditions. If the condition of uniform asymptotic stability of the solutions (the limit
points or cycles) of averaged system (2.3) or (2.17) with respect to the initial conditions
is satisfied (see /2, 9/) then the proximity indicated, i.e., the equivalence of initial and
linearized systems, occurs in an unbounded time interval t¢e< [0, ) which is of considerable
interest for analysing or synthesizing automatic control systems /5-8/.

3. Construction of the equivalent linear system with a given degree of accuracy with
respect to a small parameter. We shall construct the linear system on the basis of osculating
variables a, b (2.14) according to (2.16)-(2.18). The solution of system (2.16) has to be
constructed with a given degree of accuracy ¥ (N =0, 1. 2, ...) in an asymptotically long
time interval t & [0, ©¢™], ® = const. To this end we can use the procedures worked out, for
example, in /2, 3, 7, 9-12/. We note that by introducing the argument 06 by the formula
do = vdt, see (2.4), and the corresponding slow argument @& = €6 (d8 = vdr, v > v, > 0), system
(2.16) can be reduced to the form z' = eZ (8, z,0), where the prime denotes the derivative
with respect to 6, and z, 2 are two-dimensional vectors, where Z is 2m-periodic in 6. Extend-
ing the vector z,2 = (z, 25, 23) (B3 =7, Z, = 1) we obtain the system 3 =¢Z(z, §) which is
standard in the sense of Bogolyubov.

The indicated solution of the (N + 1)-th approximation is constructed on the basis of
the general solution a*, f§* of (2.18), see /2, 7, 9, 12/; it has the form

c=c(l T &, b°, &) =cy+ O (e (3.1)
ey =cn (8, 1, 19, &°, b°, &) = yn (%, T, a°, &°, &) +
edn® (8, v, Ty, 0%, 0%, 8); c=a, b y=qa,f

Here y are functions of the slow time 1, regular with respect to &, and describe smooth
(averaged) motions with error (O (eM+*1); for N =0 (¢ =0) they are equal to ¢* (2.18).
The components edy° (¢ = @, b) are 2m-periodic in 6, they take into account small fast oscil-
lations also with an accuracy O (ey®) and for N =0 (e = 0) should be omitted. The func-
tions 1y, ¥ are again unknown.

We change from the variables ay, by to the variables u, v by formulae of the type (2.19).
Differentiating them with respect to ¢ we obtain the analogous quasilinear system

u = v+ e (an’ + 85*) cos 0 + & (By’ + On*) sin 6 (3.2)
V= —vu — ¢ (ay’ + 6x4*) sin 0 + & (By’ + Sn%) cos O
cos O = (ayu + byv) (an® + by?™t, sin 0 = (byu — ayv) (an® + by?)?

We now use the equations for the slow variables for any P which have the form /1-3,
7, 9-11/
' = C, (t, an, Bw) + EC(N) (v, an, B, e, vy=a, B C=A4, B 3.3)

and we reduce the system of Egs.(3.2) to a form little different from (2.11) and (2.20)

uny' = ep*un + (v + eg*) vy + eUy, uy (0) = upy® (3.4)
o' = —(v 4+ e9*) uy + ep*vn + eVy, vy (0) = vp°

s* = s* (1,7, 0%, s=p,¢; Wy =Wy (1,06,75,0,8%¢)y W=U,V

Here eUxy and &Vy are small external actions 2n-periodic in 6 defined by aw, Bw,
Ay, Bivy, and 8%, 647 This excitation, to a first approximation in e, is not perturbed
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by slow variables a«, §. Hence, the linear system (3.4) constructed, which is equivalent to
(1.1), contains external periodic excitation and approximates the solution z* (¢, 7,, 2°, §°, €),
y* (t, 15, 2°, ¥°, &) with error O (¢¥*})  in an asymptotically long time interval e [0, ©¢7)
if up® =24 0 (1), o8’ = 3° + O (e¥1).

4. Ezample. Consider the oscillations of a quasilinear oscillator with slowly varying
parameters (1.3). Using the approach presented in Sect.2 we obtain two forms of equivalent
equations of the first approximation with corresponding expressions for the coefficients p,
q and p*, ¢*. According to (1.4), (2.1)-(2.3), (2.8)-(2.11) we have for the first form of
representation of the coefficients (see paragraph 1 of Sect.2)

v’ 3
P=P(T,p)E—'W—-;;—v P = p¥ (T, T, r°) = p (T, P* (T, T0: °)) (4.1)
hC
g=qmP=——7r" 9=¢%1, 1) =q (7, p* (T, T, r°))

vp

2n

1 ¢ 5 o2 Y
b, g = by o (L0} =73 Sh(r pcos @, — v (1) psmw){sm}wdcp, r —( + v.)
0

In the second form of equations, according to (1.4), (2.14)-(2.20) (see p.2 of Sect.2)
we have the analogous expressions

v’ 1
p=pmap)=—5-— Togr (ahy® + BA°) (4.2)
1
= (T 0 B) = — g5 Bk’ — i)
p=p* (0.7, 2% ) =p (r,a*, B*), g=g¢* (T, %, 2° ¥°) = g (1, a*, B*)

2
RS =Ry (0, B) = 2895 (1,4, B) = —;—S k(t, z, y){sm}ede 02 = a4 p2
0

We now reduce the equivalent systems of the first approximation (2.10), (2.11) or (2.19),
(2.20) to the form of one linear “homogeneous second-order equation (the terms 0 (e are
omitted). To fix our ideas, we take the first form (2.10), (2.11), (4.1). We differentiate
the first equation of (2.10) with respect to t, express u, » in terms of u,u,t and sub-
stitute them into the differentiated expression. We obtain the required equivalent equations
with error 0 (e?):

u” + viu = — [2e/ (vp)] lhs (T, 0) u" — ko (T, p) 1] 4.3)
w" Vi = — 22/ (vp)] (A (3, p* (T, To, 1°) U's— Be (T, p* (T, To, ) ul, P2 = u® +
u'? / v3

The coefficients of ', u  define the effective "dissipation", and those of u, u, define
the "returning force". Analogously, we can obtain equations of the form {(4.3) on the basis
of the second form of equivalent equations, see (2.19), (2.20), (4.2).

The essential difference between the equations obtained and those known in the theory
of linear oscillating sytems is the fact that small non-linear peturbing terms e can lead
to dissipation and to an increase in the effective frequency (see the expresions for p,p*
and g¢,q* (4.1), (4.2) for the oscillator and also general formulae (2.10), (2.11)-(2.13),
(2.19), (2.20)). This property is not present in linear systems. Conversely, an increase
in the amplitude of the oscillations (negative dissipation) can lead to a decrease in fre-
quency. We note that the equation for the variable u, despite the term v (1)v, contains
additional small components O () which must be taken into account in the first approximation.
As was shown above, the equivalent equations of the first approximation obtained, unlike the
initial one, have a definite structure (defined by two coefficients) and are also "homogeneous",
i.e., they have a rest point at the origin.

We note that in the case of perturbations f, g, or h that are polynomials in &, y or
z,z°  the construction of equivalent equations leads to elementary quadratures of integer
powers of trigonometric functions of the form cos® ¢sin™®¢ or cos®8sin™0 in the interval
[0,27] and also to the integration of averaged equations of the first approximation (2.3),
(2.17) which may involve some computational costs. If the averaged equations do not depend
on © (for p or «,f) then the integration is performed in quadratures; we can also use
here methods of integrating equations of the first order. Classical equations of the type of
Duffing, Van der Pol and many others /1-4, 9, 11/ can be investigated to the end. The
approach also turns out to be fairly effective in more-complicated cases of non- linearity:
of the dry friction type, air gap, hysteresis loops, quadratic friction etc. /2- 6, 11/. oOf
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course, the case of non-smooth perturbations requires appropriate justification.

The results obtained can be directly carried out to systems of the form (1.1) or (1.3)
containing, in addition, a slow vector z:f=/(1,z,¥,2), g= g (1,2, 4, 3) or h=h(x,z,¢,2), where
2 =¢Z(t,x, 4,3 O ' =¢eZ(t,x 2,3 Here, however, v =v (1), i.e., the dependence of v on z
cannot be permitted since it can lead to so called essentially non-linear systems, which
require additional study.

The development and justification of approaches to constructing equivalent linear systems
for integrodifferential equations, for essentially non-linear systems, and also for multi-
particle {(multiphase) systems, are of considerable theoretical and practical interest.
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